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We construct a family of codimension 1 foliations in a 3-manifold for which Thurston’s
relative inequality holds, but for which the absolute one is violated. For this, we introduce
a variant of these inequalities, which we call the relative(±) inequality. Also we determine
the class of foliations for which the relative(±) inequality holds.
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1. Introduction
Thurston introduced inequalities concerning the Euler characteristic of properly embedded surfaces and the Euler class
of the tangent bundle of foliation [9]. He proved that the inequality holds for foliations without Reeb components.
The inequality for closed surfaces is called absolute and the one for Seifert surfaces of links which are positively transverse
to the foliation is called relative. These inequalities are formulated more precisely in Section 2.
We observe a strong tendency that for a foliation if the relative inequality holds then the absolute inequality also holds.
Actually, for a similar question on Thurston–Bennequin’s inequalities for contact structures on 3-manifolds, the elimination
lemma tells that the relative one is stronger than the absolute one (see [3,5]). Also, for spinnable foliations, the relative
inequality is stronger than the absolute one. (See [8]. Also see [6] in connection with this problem.) On the other hand, the
product foliation on S2 × S1 seems to be the only known foliation for which this implication does not hold.
One of the main purposes of this paper is to show that there exists a class of simple foliations for which this implication
fails (Theorem 3.6).
We can prove this result by using a relative inequality of still stronger type, which we introduce as the relative(±)
inequality. This inequality is so strong that we can determine the class of foliations for which the relative(±) inequality
holds (Theorem 4.1).
2. Thurston’s inequalities
In this section, we brieﬂy review Thurston’s inequalities. Let M be a compact connected oriented smooth 3-manifold
and F a transversely oriented foliation of codimension 1 in M . (All facts in this article hold regardless of transverse differ-
entiability.) If M admits a boundary, we assume that F is transverse to ∂M . The relative Euler class e(τF) of the tangent
bundle of the foliation is well deﬁned in H2(M, ∂M;Z) by an outward normal vector ﬁeld along ∂M which is tangent to the
leaves. Next, let S be a compact oriented (not necessarily connected) properly embedded surface in M . Then S represents
a homology class in H2(M, ∂M;Z). Thurston introduced the following inequality which is formulated for such a surface S
without S2 components.
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∣∣〈e(τF), [S]〉∣∣−χ(S).
For a given foliation F , if the inequality holds for any such surface S , then we simply say “the inequality holds for F”.
Theorem 2.1. (Thurston [9]) Let M be neither S2 × S1 nor S2 × [0,1]. If F is a foliation without Reeb component, then Thurston’s
absolute inequality holds for F .
Next let us consider a Seifert surface S of an oriented link Γ which is positively transverse to a foliation. A relative
version of Thurston’s inequality for S and Γ , which we call relative(+) , is formulated as follows:
Thurston’s relative(+) inequality. (See e.g. [6,1].)
−〈e(τF)Γ , [S,Γ ]
〉
−χ(S),
where e(τF)Γ denotes the relative Euler class of τFΓ deﬁned in MΓ . Here MΓ denotes the exterior of Γ in M (i.e.
MΓ := M\ IntN(Γ )) and FΓ the restriction of F to MΓ .
Finally, we also consider an oriented transverse link Γ and its Seifert surfaces S , however we do not assume that Γ
is positively transverse to the leaves, namely, Γ is allowed to have some components which are negatively transverse. We
formulate an inequality for such a link and its Seifert surface. This is called the relative(±) inequality.
Thurston’s relative(±) inequality.
∣∣〈e(τF)Γ , [S,Γ ]
〉∣∣−χ−(S).
This notation χ−(S) means
∑
i min{0,χ(Si)} where the sum is taken over the connected components of S . We immediately
know that if there exists a closed transversal which bounds a disk, then the relative(±) inequality does not hold.
As in the case of the absolute inequality, we have the following statement. This statement is clear from Theorem 2.1 and
Remark 2.3 below.
Theorem 2.2 (Thurston). If F is a foliation without Reeb component, then both of the relative inequalities hold for F .
Remark 2.3. For a given (M,F) and for any positively transverse link Γ , if the absolute inequality holds for (MΓ ,FΓ ), then
the relative(+) inequality also holds for (M,F). This observation is clear and we use this in the proof of the main theorem
(Theorem 3.6).
Remark 2.4. These inequalities admit another expression. Deﬁne
d±S := #e± − #h±,
where #e± and #h± denote the numbers of elliptic and hyperbolic singularities of a characteristic foliation FS after putting
the surface in a general position. The sign “±” presents whether or not the orientation of τp S agrees with that of τpF at
singularity p. Then, the absolute inequality is equivalent to
d+S  0 and d
−
S  0.
Likewise the relative(±) one has the same expression. On the other hand, the relative(+) one is equivalent to
d−S  0.
Theorem 2.5. (Mitsumatsu and Mori [8]) Let F be a spinnable foliation. If the relative(+) inequality holds, then the absolute one also
holds.
This statement seems to hold for almost all foliations, but in the next section, we will produce foliations in which this
implication fails.
Notations. In this paper, transverse links play two different roles. One in a small letter (mainly k) is for the axis of a
turbulization of a foliation. One in a capital letter (mainly Γ ) is to be measured by relative inequalities.
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Fig. 1. (a) F k+ and F k− . (b) (F k+)∗ and (F k−)∗ .
F F k+ F k−
absolute T T F
relative(+) T T T
relative(±) T T F
(a) (b)
Fig. 2. (a) T = true (hold), F = false (fail). (b) A Reeb component and a bad annulus.
3. Simple construction and inequalities
We consider two kinds of turbulizations along a positively transverse knot k in a foliated manifold (M,F). Let us call
them the positive and negative turbulizations and the resulting foliations are denoted by F k+ and F k− . (See Fig. 1(a).)
Remark 3.1. There are two more cases (F k+)∗ and (F k−)∗ (see Fig. 1(b)). Both of τF k+ and τ (F k+)∗ are homotopic to τF
as plane ﬁelds. Also it is not diﬃcult to see τ (F k−)∗ is homotopic to τF k− . Therefore, from the view point of Thurston’s
inequality, we only have to look at F k+ and F k− .
Example 3.2. Let M ﬁber over the circle, where the ﬁber F is a compact oriented surface (possibly with boundary) with
non-positive Euler characteristic and F be a foliation obtained by the ﬁbers of M , namely a bundle foliation. For F , F k+
and F k− , three inequalities hold or fail according to the table. (See Fig. 2(a).)
The left column follows by Theorems 2.1 and 2.2. Then, it is not diﬃcult to see the middle column, because the tangent
plane ﬁeld is homotopic to that of F . In particular, the relative(+) inequalities for F and F k+ are trivial, since there are no
positively transverse links of them.
It is well known and easy to see that the Euler class e(τF k−) is given by
e
(
τF k−
) = e(τF) − 2 · P.D.([k]),
where P.D. denotes the Poincaré dual. We have
〈
e
(
τF k−
)
, [F ]〉 = χ(F ) − 2[k] · [F ] < χ(F ),
so that the absolute inequality fails for the ﬁber F .
Take any null-homologous link Γ which is positively transverse to F k− . The Reeb component Rk− which arose from the
negative turbulization along k contains some components of Γ . Consider the foliation (F k−)Γ restricted to the exterior of Γ .
Note that Rk−\Γ is no more a Reeb component of (F k−)Γ . Hence, the absolute inequality holds for (F k−)Γ , so that the
relative(+) inequality holds for the foliation F k− . See Remark 2.3.
The relative(±) inequality does not hold for F k− , because we can easily ﬁnd an annulus S which satisﬁes d+S = −1 and
d−S = 1 as shown in Fig. 2(b). See Remark 2.4.
Next we consider a modiﬁcation of F which is similar to a positive turbulization. Let k denote a positively transverse
knot of F . We take the positive turbulization along k, where we consider both Fk+ and (Fk+)∗ , and insert a foliated I-
product along the toral leaf T of the Reeb component. Here I denotes the interval [0,1] and T is identiﬁed with T × {0}.
The foliated I-product is obtained by a holonomy homomorphism H : π1(T ) → Diff+(I). Let α denote the homotopy class
of a meridian of T . We assume that the modiﬁed foliation satisﬁes the following monotone condition:
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Fig. 3. (a) Monotone modiﬁcation. (b) Non-monotone modiﬁcation.
(M.C.)
(i) The closed curve k cannot be homotoped to a closed curve which is negatively transverse to the modiﬁed foliation. Here
the homotopy is understood to have the support in the Reeb component and the I-product.
(ii) H(α) = idI .
We say that the resulting foliation is obtained from F by a monotonemodiﬁcation along k. Also we consider a sequence of
monotone modiﬁcations along positively transverse knots, namely we continue these modiﬁcations for positively transverse
knots of the resulting foliations. See Fig. 3(a) and non-monotone modiﬁcations are shown in Fig. 3(b).
Remark 3.3. If the modiﬁed foliation is transversely of class C1+bv , then it follows that the condition (i) implies the condition
(ii) from Kopell’s lemma (see [7] and also [2]).
Here, we introduce a further notation.
Deﬁnition 3.4. Let B+(F) denote the set of positively transverse link Γ which is rationally null-homologous, namely, [Γ ] =
0 ∈ H1(M;Q).
The following fact is necessary for proving Theorem 3.6. We prove it later since the proof is similar to that of Theorem 4.1.
See the end of Section 4.
Proposition 3.5. Let F be a foliation with Reeb components which satisﬁes B+(F) = ∅. Then, the foliation F is obtained from a
foliation without Reeb component by a sequence of monotone modiﬁcations along positively transverse knots.
Let us generalize Example 3.2. This is the main fact in this article.
Theorem 3.6. Let F be a foliation which satisﬁes B+(F) = ∅. Then there is a positively transverse knot k which satisﬁes the following
condition ():
() Let F k− be the foliation obtained from F by the negative turbulization along k. Then the relative(+) inequality holds for F k− ,
however neither the absolute one nor the relative(±) one holds.
Proof. Take any positively transverse knot k to F . The condition B+(F) = ∅ guarantees that the integral homology class of
k is not a torsion element. So there is a surface S0 with [k] · [S0] > 0. Replacing k with k′ if necessary, where [k′] = n · [k]
for suﬃciently large n > 0, we have
〈
e
(
τF k−
)
, [S0]
〉 = 〈e(τF), [S0]
〉− 2 · [k] · [S0] < χ(S0).
(See Example 3.2.) Thus, the absolute inequality does not hold for F k− .
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Finally, we show that the relative(+) inequality holds for F k− . By the deﬁnition of a negative turbulization, we have
B+(F k−) = ∅. Take any null-homologous link Γ which is positively transverse to F k− . Two conditions B+(F) = ∅ and
B+(F k−) = ∅ tell that the new Reeb component Rk− which arose from the negative turbulization along k contains some
components of Γ . Consider the foliation (F k−)Γ restricted to the exterior of Γ . Note that Rk−\Γ is no more a Reeb com-
ponent of (F k−)Γ . By Proposition 3.5, all Reeb components of F are obtained by a monotone modiﬁcation and so are those
of the foliation (F k−)Γ . From the deﬁnition of monotone modiﬁcation, as plane ﬁelds τ (F k−)Γ is homotopic (relative to the
boundary) to that of a foliation without Reeb component. Therefore, the absolute inequality holds for (F k−)Γ . This implies
that the relative(+) inequality holds for the foliation F k− . 
We give another proof for the relative(+) inequality in Theorem 3.6. This proof clariﬁes a reason why we introduce the
relative(±) inequality.
Another proof for the relative(+) inequality in Theorem 3.6. We choose a torus T which is transverse to F in the Reeb
component obtained by a negative turbulization. We assume that T separates all components of Γ in the Reeb component
from the others. After an isotopy of S , a Seifert surface S of Γ is transverse to T and S ∩ T consists of essential closed
curves which are transverse to F . Then, let us divide the manifold into two parts along T . Also S is divided into two parts,
which are denoted by S1 and S2. Here S1 is in the Reeb component. Consider the relative inequality for S1 and S2. However,
we cannot apply the relative(+) inequality for S1, since some boundary components of S1 are negatively transverse to F .
Thus, we need to consider the relative(±) inequality. For each surface, we have d±S1  0 and d
−
S2
 0. See Remark 2.4 and
Theorem 2.2. Gluing two surfaces, we obtain d−S  0, so that the relative(+) inequality holds. 
Remark 3.7. Such a cut and paste construction seems to be useful when we consider whether or not the relative(+) one
holds for more general foliations.
Remark 3.8. By combining Theorem 3.6 and the strong relationship for contact structures which we mentioned in the
introduction, we have the following statement: There is a family of foliations for which the relative(+) inequality holds,
however, to which no sequence of tight contact structures can converge. See also [4] in connection with this problem.
To close this section, we provide an example which satisﬁes the assumption in Theorem 3.6.
Proposition 3.9. Let F be a foliation without holonomy. Then F satisﬁes the condition B+(F) = ∅.
Proof. The foliation F has a transverse invariant measure, so that a positively transverse link has a non-trivial rational
homology class. Hence, B+(F) = ∅ follows. 
Corollary 3.10. Let F be a foliation without holonomy. There is a positively transverse knot k of F such that the condition () in
Theorem 3.6 holds.
In fact, for F without holonomy it is easy to see that the condition () holds for any positively transverse knot k.
Problem 3.11. Determine the class of foliations which satisfy B+(F) = ∅.
4. Thurston’s relative(±) inequality
To close this article, we determine the class of foliations for which the relative(±) inequality holds.
Theorem 4.1. The following condition is necessary and suﬃcient for F to satisfy Thurston’s relative(±) inequality:
The foliation F is either
(i) without Reeb component, or
(ii) obtained from a foliation without Reeb component by a monotone modiﬁcation along a positively transverse link.
Proof. Let F be a foliation which satisﬁes the condition (i) or (ii). The tangent bundle τF is homotopic to that of a foliation
without Reeb component as plane ﬁelds. (See the deﬁnition of a monotone modiﬁcation and Remark 3.3.) Therefore the
suﬃciency follows from Theorem 2.2.
Conversely, suppose that the relative(±) inequality holds for F and there is at least one Reeb component. We look at
toral leaves in F . If a toral leaf has a (one- or) two-sided saturated neighborhood which is a foliated I-product, then we
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the torus itself as a degenerate neighborhood.
Consider such a saturated neighborhood on a Reeb component. Further, look at a closed neighborhood N (= a solid
torus) of the union of the saturated neighborhood and the Reeb component. Here ∂N is suﬃciently close to the outermost
toral leaf in the union. The outermost toral leaf has a non-trivial holonomy on the outside. Hence we may assume that ∂N
is transverse to F .
Lemma 4.2. Let G be the foliation on N by meridian disks. Then the foliation F |N is obtained from G by a monotone modiﬁcation.
Proof. We check the monotone condition (M.C.) for the union of the Reeb component and the saturated neighborhood.
Suppose that the second condition (ii) fails, that is, the characteristic foliation FD on a meridian disk D has a non-trivial
holonomy. Then we can easily ﬁnd a disk for which the relative(±) inequality fails. This is a contradiction. Likewise, it
follows that the characteristic foliation F∂N on ∂N consists of simple closed curves which is homotopic to meridians. We
assign an orientation with the core of the Reeb component so that it is positively transverse to F . If the ﬁrst condition
(i) fails, then it is not diﬃcult to see that the relative(±) inequality is broken by a bad annulus as shown in Fig. 2(b). This
contradicts. So this lemma is proved. 
We can replace F with G in N . This is an inverse operation of a monotone modiﬁcation. It is not diﬃcult to see that
this operation does not create a new toral leaf bounding a solid torus and the relative(±) inequality also holds for the new
foliation. This operation decreases the number of maximal neighborhoods of toral leaves. After repeating this procedure
ﬁnitely many times, all Reeb components are eliminated. 
Proof of Proposition 3.5. We choose a neighborhood N of the union of a Reeb component and its saturated neighborhood
as in the proof of Theorem 4.1. From the condition B+(F) = ∅ we can determine the holonomy of leaves in N as in the
proof of Lemma 4.2. Therefore all Reeb components are obtained by a monotone modiﬁcation along a positively transverse
link. 
Remark 4.3. We assume that F is transversely of class C1+bv . From the condition B+(F) = ∅ and Kopell’s lemma [7,2],
the tangent bundle of F is homotopic to that of a taut foliation as plane ﬁelds. In particular, the class of a foliation with
B+(F) = ∅ is strictly included in the class of a foliation for which the relative(±) inequality holds.
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